A limit order book provides information on available limit order prices and their volumes. Based on these quantities, we give an empirical result on the relationship between the bidask liquidity balance and trade sign and we show that liquidity balance on best bid/best ask is quite informative for predicting the future market order's direction. Moreover, we define price jump as a sell (buy) market order arrival which is executed at a price which is smaller (larger) than the best bid (best ask) price at the moment just after the precedent market order arrival. Features are then extracted related to limit order volumes, limit order price gaps, market order information and limit order event information. Logistic regression is applied to predict the price jump from the limit order book's feature. LASSO logistic regression is introduced to help us make variable selection from which we are capable to highlight the importance of different features in predicting the future price jump. In order to get rid of the intraday data seasonality, the analysis is based on two separated datasets: morning dataset and afternoon dataset. Based on an analysis on forty largest French stocks of CAC40, we find that trade sign and market order size as well as the liquidity on the best bid (best ask) are consistently informative for predicting the incoming price jump.
Introduction
The determination of jumps in financial time series already has a long history as a challenging, theoretically interesting and practically important problem. Be it from the point of view of the statistician trying to separate, in spot prices, those moves corresponding to "jumps" from those who are compatible with the hypothesis of a process with continuous paths, or from the point of view of the practitioner: market maker, algorithmic trader, arbitrageur, who is in dire need of knowing the direction and the amplitude of the next price change, there is a vast, still unsatisfied interest for this question. Several attempts have been made at theorizing the observability of the difference between processes with continuous or discontinuous paths, and the major breakthrough in that direction is probably due to Barndorff-Nielsen and Shephard [3] , who introduced the concept of bi-power variation, and showed that -in a nutshell -the occurrence of jumps can be seen in the limiting behavior as the time step goes to zero of the bi-power variation: for a process with continuous paths, this quantity should converge to (a multiple of) the instantaneous variance, and the existence of a possibly different limit will be caused by the occurrence of jumps.
Since then, many authors, in particular Aït-Sahalia and Jacod (2009) [2] have contributed to shed a better light on this phenomenon, and one can safely say that rigorous statistical tests for identifying continuous-time, real-valued processes with discontinuous paths are now available to the academic community as well as the applied researcher.
However, it is a fact that the physics of modern, electronic, order-driven markets is not easily recast in the setting of real-valued, continuous-time processes, and it is also a fact that the time series of price, no matter how high the sampling frequency, is not anymore the most complete and accurate type of information one can get from the huge set of financial data at our hands. In fact, a relatively recent trend of studies has emerged over the past 10 years, where the limit order book became the center of interest, and the price changes are but a by-product of the more complicated set of changes on limit orders, market orders, cancellation of orders, ... see e.g. Chakraborti et al. (2009) [6] , [1] for the latest developments in the econophysics of order-driven markets. This new standpoint is quite enlightening, in that the physics of price formation becomes much more apparent, but it calls for a drastic change in the basic modeling tools: prices now live on a discrete grid with a step size given by the tick, the changes in price occur at discrete times. Furthermore, a host of important events that affect the order book rather than the price itself, events which are therefore essential in understanding the driving forces of the price changes, now become observable, and their role in the price dynamics must be taken into account when one is interested in understanding the latter.
Our point of view is slightly different: rather than concentrate on the one-dimensional price time series, we want to model the dynamics in event time of the whole order book, and focus on some specific events that can be interpreted in terms of jumps. To do so, we shall depart from the classical definitions -if any such thing exists -of a jump in a financial time series, and restrict ourselves to the more natural, more realistic and also more prone to experimental validation, concept of a inter-trade price jump and trade-through.
By definition, an inter-trade price jump is defined as an event where a market order is executed at a price which is smaller (larger) than the best limit price on the Bid (Ask) just after the precedent market order arrival. An inter-trade price jump permits a limit order submitted at the best bid (best ask) just after a market order arrival to be surely executed by the next market order arrival. A trade-through corresponds to the arrival of a new market order, the size of which is larger than the quantity available at the best limit on the Bid (for a sell order) or Ask (for a buy order) side of the order book. By nature, such an order will imply an automatic and instantaneous price change, the value of which will be exactly the difference in monetary units between the best limit price before and after transaction on the relevant side of the order book. Trade-through can be interpreted as the instantaneous price change triggered by a market order, meanwhile, inter-trade price jump is post-trade market impact. Most of researches on limit order book are based on stocks and often relates to characterizing features such as liquidity, volatility and bid-ask spread instead of making prediction, see Hasbrouck (1991) [10] , Hausman et al. (1992) [12] , Keim and Madhavan (1996) [16] . Trade-through has also been the object of several recent studies in the econometrics and finance literature, see e.g. Foucault and Menkveld (2008) [8] (for cross-sectional relationship study) and Pomponio and Abergel (2011) [19] .
In this work, we investigate whether the order book shape is informative for the intertrade price jump prediction and whether trade-through contributes to this prediction. Recently, many researchers propose machine learning methods to make prediction on limit order book. Blazejewski and Coggins (2005) [4] present a non-parametric model for trade sign (market order initiator) inference and they show that limit order book shape and historical trades size are informative for the trade sign prediction. Fletcher et al. (2010) [7] applied multi kernel learning with support vector machine in predicting the EURUSD price evolution from the limit order book information. Here, logistic regression is introduced to predict the occurrence of inter-trade price jump. Variable selection by lasso logistic regression provides us an insight into the dynamics of limit order book and allows us to select the most informative features for predicting relevant events. We will show that some features of the limit order book have strong predictive and explanatory power, allowing one to make a sound prediction of the occurrence of inter-trade price jump knowing the state of the limit order book. Trade-through is also confirmed to be quite informative for inter-trade price jump prediction. This result in itself is interesting in that it allows one to use the full set of available information in order to do some prediction: whereas the history of the price itself is known not to be a good predictor of the next price moves -the so-called efficiency of the market is relatively hard to beat when one only uses the price information -we shall show that the limit order volumes contain more information, and the market order size contributes also to an accurate prediction of inter-trade price jump.
This paper is organized as follows. Section 1 describes the main notations in limit order book. Section 2 gives an empirical result on the relationship between Bid-Ask liquidity balance and trade sign. Section 3 introduces logistic regression for inter-trade price jump prediction and lasso logistic regression for variable selection. The conclusion is in Section ??.
Description and data notation
The Euronext market adopts NSC (Nouveau Système de Cotation) for electronic trading. During continuous trading from 9h00 to 17h30, NSC matches market orders against the best limit order on the opposite side. Various order types are accepted in NSC such as limit orders (an order to be traded at a fixed price with certain amount), market orders (order execution without price constraint), stop orders (issuing limit orders or market orders when a triggered price is reached) and iceberg orders (only a part of the size is visible in the book). Limit order is posted to electronic trading system and they are placed into the book according to their prices, see Figure 1 . Market order is an order to be executed at the best available price in limit order book. The lowest price of limit sell orders is called Best Ask ; the highest price of limit buy orders is called Best Bid. The gap between the Best Bid and the Best Ask is called the Spread. When a market buy order with price higher/equal than the best ask price, a trade occurs and the limit order book is updated accordingly. Limit orders can also be cancelled if there have not been executed, so the limit order book can be modified due to limit order cancellation, limit order arrival or market order arrival. In case of iceberg orders, the disclosed part has the same priority as a regular of limit order while the hidden part has lower priority. The hidden part will become visible as soon as the disclosed part is executed. The case that the hidden part is consumed by a market order without being visible before is quite rarely. In this study, we neglect stop orders and iceberg orders which are relatively rare compared to limit order and market order events.
In a limit order book, as shown in figure 1 , only a certain number of best buy/sell limit orders are available for public. We denote the number of available bid/ask limit prices by L. In this study, for simplicity, we focus on limit order arrival events, limit order cancellation events and market order arrival events, see Figure 2 . The number of visible limit order levels is chosen to be five L = 5. Our dataset is provided by NATIXIS via Thomson Reuter's 'Reuters Tick Capture Engine' and comprises of trades and limit order activities of the 40 member stocks of index CAC40 between April 1st 2011 and April 30th 2011. In order to get rid of open hour and close hour, we extract the data from 09h05 to 17h25. Every transaction and every limit order book modification are recorded in milliseconds. The data contains information on the L best quotes on both bid and ask sides. The trade data and quotes data are matched. The first event is a trade-through event where a market order consumes 60 stocks at the bid side, then a new ask limit order of size 20 arrives in the Spread. Successively, a cancellation at the best bid price follows and the precedent second best bid price emerges the best bid price, the a regular market order triggers a transaction of size 60.
Denote t as a time index indicating all limit order book events. P b,i t and P a,i t for i = 1, · · · , L define the i th best log bid/ask quote instantaneously after the t th event. We denote
the spread instantaneously after the t th event. G when a market order touches bid side and P mo t = P a,1 t when a market order touches ask side). Moreover, we introduce six dummy variables BLO t , ALO t , BM O t , AM O t , BT T t and AT T t to indicate the direction of each event : bid side or ask side, respectively for limit order event (BLO t and ALO t ), market order event (BM O t and AM O t ) and trade-through event (BT T t and AT T t ). The definition of variables is detailed in Table 1 .
In order to capture the high-frequency dynamics in quotes and depths, we define a K- Modelling log prices and log volumes instead of absolute values is suggested by Potters and Bouchaud (2003) [20] studying the statistical properties of market impacts and trades and can be found in many other empirical studies. Price and volume changes in log is interpreted as related changes in percentage.
Another vector of variables is denoted by
indicating the nature of the t th event. Table 2 provides a descriptive statistics of the data used in this paper. It comprises limit order events, market order events and inter-trade price jump events. The analysis is done on two separated datasets: morning dataset (between 09h05 and 13h15) and afternoon dataset (between 13h15 and 17h25). We observe that there are more market order events in the afternoon than in the morning. Similarly, inter-trade price jump events are slightly more frequent in the afternoon than in the morning. However, trade-through events are more frequent in the morning than in the afternoon. where t k is time index of the k th market order event.
For all x ∈ R + , the conditional probability of a future buy market order (positive trade sign) that the next trade is triggered by a buy market order given V t k (i) ≥ x is defined as,
where we denote the TradeSign at time t k by I ts t k . Similarly, for all x ∈ R + , the conditional probability of a future sell market order (negative trade sign) that the next trade is triggered by a sell market order given V t k (i) ≥ x is defined as,
Figure 3: The conditional probability of a buy market order vs bid-ask volume ratio, April, 2011. The relationship between P I ts t k = 1|W t k −1 (i) ≥ x and x for i ∈ {1, . . . , L} is shown in Figure 3 and 4. We observe that the conditional probability of the next trade sign is highly correlated with the Bid-Ask volume ratio corresponding to depth 1. Nevertheless, the dependance between the conditional probability of the next trade sign and the BidAsk volume ratio corresponding to depth larger than 1 is much more noised. Figure 8 in Appendix shows the relationship between P I ts t k = 1|W t k −1 (1) ≥ x and x for all stocks of CAC40. It is worth remarking that the trade sign's conditional probability reaches 0.80 in average when the liquidity on the best limit prices is quite unbalanced. 3 Logistic regression analysis and variable selection by LASSO
Logistic regression analysis
The result shown in the previous section reveals that Bid-Ask liquidity balance provides important information on the incoming market order. In this section, we introduce the standard logistic regression to predict the inter-trade price jump occurrence and use LASSO select regularization to evidence the importance of each variable in this prediction. We denote the number of market order events by N and for each i ∈ {1, · · · , N },
In the logistic model, the probability of the bid/ask inter-trade price jump occurrence is assumed to be given by:
where
Observing that for i = 1
we see that the linearity of the conditional probability P β (Y = 1|X) on variables V b,1 t k and V a,1 t k in Equation 6 allows us to capture the contribution of W t k (i) in the prediction. The parameters β are unknown and should be estimated from the data. We use the maximum likelihood to estimate the parameters. It is well known that the log-likelihood function given by
The likelihood function is convex and therefore can be optimized using a standard optimization method.
Variable selection by LASSO
Since the number of explanatory variables p being quite large, it is of interest to perform a variable selection procedure to select the most important variables. A classical variable selection procedure when the number of regressors is large is the LASSO procedure see Hastie et al (2003) [11] . Instead of using a BIC penalization, the LASSO procedure adds to the likelihood the norm of the logistic coefficient, which is known to induce a sparse solution. This penalization induces an automatic variable selection effect.
The LASSO estimate for logistic regression is defined bŷ
The constraint on p j=1 |β j | makes the solutions nonlinear in the y i and there is no closed form expression as in ridge regression. Because of the nature of constraint, making λ sufficiently large will cause some of the coefficients to be exactly zero. Germain et Roueff (2009) [9] gives the uniform consistency and a functional central limit theorem for the LASSO regularization path for the general linear model.
Results
Choosing L = 5, m = 5 and n = 5, the dimension of limit order book's profile vector is p = 1 + m(2L − 1) + 6n = 76.
The parameter λ in LASSO is estimated by cross-validation, then we calculate AUC value (area under ROC curve) to measure the prediction quality. A ROC (receiver operating characteristic) curve is a graphical plot of the true positive rate vs. false positive rate. The area under the ROC curve is a good measure to measuring the model prediction quality. The AUC value is equal to the probability that a classifier will rank a randomly chosen positive instance higher than a randomly chosen negative one.
We show the out-of-sample AUC value in Figure 5 . The stocks are sorted in alphabetic order. We see that for each prediction task, the AUC value is around 0.80 and it is consistently high over all datasets and all stocks of CAC40. 
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In order to discover the contribution of each variable to the prediction, we add an analysis on the five firstly selected variables for each prediction task of all stocks of CAC40 (with allday dataset). Figure 6 and 7 show how many times a variable is selected as the first (second, third, forth, fifth) selected variable by LASSO. We denote the i events lagged log volume on the j th bid (ask) limit price by V Bi j (V Aj i). Similarly, i events lagged log market order volume is denoted by V M O i and i events lagged binary variables are denoted by BM O i, AM O i, BT T i, AT T i etc. For the sake of simplicity, for each selection order i (i ∈ {1, . . . , 5}), we show the frequency distribution of the five most frequently selected variables among 746 backtests in each figure.
We observe that V B1 0 , BM O 0 and V M O 0 are the most selected variables for predicting the future bidside inter-trade price jump and that V A1 0 , AM O 0 and V M O 0 are the most selected variables for predicting the future askside inter-trade price jump. In contrast, tradethrough is less informative and contributes few to the price jump prediction. It implies that the market order is sensitive to the liquidity on the best limit price. As soon as the liquidity on the best limit price becomes significantly low, the next market order may touch it immediately. The information provided by BM O 0 (AM O 0 ) and V M O 0 recalls the phenomena of long memory of order flow, see Bouchaud et al. (2008) [5] . When a trader tries to buy or sell a large quantity of assets, he may split it into small pieces and execute them by market order successively. Consequently, precedent market order direction contributes to predict the next market order event. 
Conclusion
In this paper, we provide an empirical result on the relationship between bid-ask limit order liquidity balance and trade sign and an analysis on the prediction of the inter-trade price jump occurrence by logistic regression. We show that limit order liquidity balance on best bid/best ask is informative to predict the next market order's direction. We then use limit order volumes, limit order price gaps and market order size to construct limit order book's feature for the prediction of inter-trade price jump occurrence. LASSO logistic regression is introduced to help us identify the most informative limit order book features for the prediction. Numerical analysis is done on two separated datasets : morning dataset and afternoon dataset. LASSO logistic regression gets very good prediction results in terms of AUC value. The AUC value is consistently high on both datasets and all stocks whatever the liquidity is. This good prediction quality implies that limit order book profile is quite informative for predicting the incoming market order event. The variable selection by LASSO logistic regression shows that several variables are quite informative for inter-trade price jump prediction. The trade sign and market order size and the liquidity on the best limit prices are the most informative variables. Nevertheless, the aggressiveness of market order, measured by trade-through, has less important impact than we had expected. These results confirm that the limit order book is quite sensitive to the liquidity on the best limit prices and there is a long memory of order flow like what is shown by other authors. This paper is merely a first attempt to discover the information hidden in limit order book and further studies will be needed to understand better the full dynamics of limit order book. 
